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Steffens [3] introduced a substructure (called below a “‘compressed set™) which prevents a
graph from having a perfect matching, and proved that a countable graph possesses a perfect mat-
ching if and only if it does not contain such a substructure. In this paper we study some properties
of compressed sets.

1. Introduction

In [3] Steffens proved a necessary and sufficient condition for the existence of
perfect matchings in countable graphs. He presented a substructure (called below a
“compressed set”) which obstructs perfect matchings in any graph, and proved that
in the countable case this is the only possible obstruction for perfect matchings. It
appears that this obstruction also plays a vital role in the characterization of graphs
possessing perfect matchings in the case of higher cardinalities: in [2] a characteri-
zation involving the concept of compressed sets is proved for graphs of size ¥,
and it is conjectured that a similar result holds for general graphs®. It is therefore
worthwhile studying the properties of compressed sets, and this is the main purpose of
the present paper. Among other properties we show that (a) deleting edges from an
obstructed graph results in an obstructed graph; (b) given a graph G=(V, E) and
a subset S of V, if neither of the subgraphs of G spanned by .S and by V\§ contain
a compressed set then G itself does not contain a compressed set; and that (c) Stef-
fens’ criterion holds also for graphs all but countably many of whose vertices are
covered by a matching.

2. Definitions and notation

All graphs in this paper are undirected. A graph whose vertex set is U and
whose edge set is J will be denoted by (U, 7). The symbol G will always denote a
graph (V, E), and unless otherwise stated we shall be referring to a graph with which
these symbols are associated. We shall write 4 X B for the set of unordered pairs
{{a, b}: ac A, b B)}. If SV then G[S] denotes the graph (S, EN(SX.S)) and
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G — S denotes G[V\S]. If Fis a subset of E, A a subset of ¥ and a an element of V,
then F{a) denotes {b€V:[a, b)€ F}, F[A] denotes ( {F{a): a€ A}, and F(a) denotes
the element of Fla) if [F(a)|=1. The restriction of F to A, FtA, is defined as
EFN(AX V). The support of F, s(F), is defined as F[V]. A subset Fof E is a matching
if [F{a)|=1 forevery acV (i.e. no two edges in F are incident) and is a perfect
matching if |F{a)| =1 for every a¢ ¥V (in other words, if it is a matching and its support
is V). If F is a matching and S < V then F is said to be a matching of Sif FCSXV
and s(F)>S. A subset S of V is matchable if it has a matching, and is #ight if it is
matchable and s(F)=S for every matching F of S. (This corresponds to the notion
of an “independent subgraph” in [3].) A graph is loose if 1t contains no non-empty
tight set. A subset C of V' is compressed if C=TU{z} for some TV and z¢ F\T
such that T is tight and E(z)c 7. We then write C=c(z. T). If G contains a com-
pressed set then it is said to be obstructed.

A path P in G is a sequence (4,: a<k<f) of vertices, where —w=a==w
and [y, a,.1]€E for each k. The set {[a,, a;,1]: a<k and k+1<f} of edges of
P is denoted by ED(P) and the set {a,: a<k=<f} by VR(P). The path (a_,: a<
<k<f)is denoted by P. If y=a; for some a<j<f we write Py=(q,: u<k=j)
and yP=(a,: j=k<f). If P and Q are paths sharing only one common vertex p
which is the last vertex on P and the first vertex on Q, we write PxQ for the path
R satisfying Ry=P and yR=Q. If F is a matching in G then a path P is called
F-alternating if precisely one of each two adjacent edges in P belongsto F.If Fisa
matching and z€V then /(z, F) denotes the set of vertices x for which there exists
an F-alternating path from z to x, whose first edge does not belong to F and whose
last edge belongs to F. We also write nu(z, F)=F[l(z, F)] and m(z, F)=
=z, F)Un(z, F).

The symmetric difference (A\B)U{B\ A4) of two sets 4 and B is denoted by
ANB.

3. Preliminary lemmas

Lemma 1. Let { be an ordinal and {T,: a<(} an ascending continuous sequence of
tight subsets of V. Then T=U{T,: a<{} is tight. |

For a proof see the proof of [3, Lemma 3].
Corollary 1a [3, Lemma 3]. in any graph there exists a maximal tight set. J

The proofs of the next three lemmas and their corollaries are easy and left
to the reader:

Lemma 2. [f T is tight in G and S is tight in G—T then TUS istightinG. J
Corollary 2a, If T is a maximal tight set in G then G—T is loose. |}

Lemma 3. [f T is tight in G and C is compressed in G—T then TUC is compressed
n G. §

Corollary 3a. If G isunobsiructed and T is tight in G then G—T isunobstructed. |

Lemma 4. A compressed set is unmatchable. |}
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Lemma 5. Let F be a matching and z€ V\s(F). If there exists an F-alternating path
P starting at z such thar either:

(a) P terminates at a vertex x¢s(F)U{z}
or

(b) P is infinite
then there exists a matching of s(F)YU{z}; if [ED(P)|>1 then this is also a matching
of s(F).

Proof. This is demonstrated by the matching # AED(P). |

Note that the existence of a path P satisfying (a) is equivalent to the condition
Ell(z, F)]¢s(F)U {z}.

Lemma 6. If Fis a matching and z€ V\s(F') then m(z, F) is compressed if and only
if there is no path satisfving conditions (a) or (b) in Lemma 5.

Proof. If there is a path satisfying conditions (a) or (b) then, by Lemma 5, m(z, F)
is matchable and therefore not compressed.

Assume now that there is no path satisfying (a) or (b). Let K= Fim(z, F) and
T=s(K). Then E{(z)cT, or else a path satisfying {a) would exist. It remains to
show that 7 is tight. Let H be a matching of T and suppose that there exists a vertex
x€s(H)\T. By (a), y=H(x)§¢!(z, F), and hence u=K(y)€l(z, F). The vertex
x is the starting point of a path P which is a connected component in the graph
(V, HUK). By (b) P is finite, and thus has a last vertex v. Since s(H)>Ds(K) there
holds ve€s(H)N\s(K). Let Q be an F-alternating path from z to v and let r be the
first vertex on Q belonging to VR(P). If P and Q traverse the edge [r, K(r)] in the
same direction then the path Qr«rP satisfies (a). If P and Q traverse [r, K(#)] in

opposite directions then QrxrP satisfies (a). [
From Lemmas 5 and 6 there follows:

Corollary 6a. If C=c(z, T) is compressed and I is a matching of T then m(z, F)
is compressed. |

Lemma 7. Let x be a vertex of G,C=c(z,T) a compressed set in G—{x} and F
a maiching of T in G —{x}. Then precisely one of the following two possibilities holds:
m(z, F) is compressed in G, or B=CU{x} is tight in G.

Proof. If B is tight then it is matchable, and hence so is its subset m(z, F), and thus
m(z, F) cannot be compressed. Assume that m(z, F) is not compressed. By Lemma
6 1t follows that there exists an F-alternating path P from z to x. The matching
F A ED(P) then shows that B is matchable. Let A be a matching of B. Denote by L
the graph (V, F\UUH). The vertex z is a starting point of a path O which is a connected
component of L. By Lemma 6, Q must terminate at x. The matching H'=H A ED(Q)
is then a matching of Tin G —{x}, and hence s(H")=T. But s(H)=s(H")U{z, x},
and therefore s(H)=B8. |

Corollary 7a [3, Lemma 6. [f G is unobstructed and loose then G — {x} is unobstructed
for any x€V. |}

Lemma 8. Let T and S be tight sets, and let F be a matching of T and H a matching
of §. If zeH[TI\T then TUSNH[T)U{z} is compressed.
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Proof. Denote R=TU(SN\H[T]). Then FU(HEN\H'!T) is a matching of R, and
so R is matchable. Let us show that R is tight. Let J be a matching of R, and
J'=JtT. Suppose that u€s(J)N\R for some u€V. Let K be the graph (V,J UH).
Then u is the starting point of a path Pin K. By Lemma 5(b), P is finite, so it contains
a last vertex p. Since the degree of p in K is 1, either (i) p€s(H)\s(J) or (ii) p€s(J)
NS(H). Assume that (i) holds. Then pes(H1T). Since u¢ T there exists a first
vertex w on P (starting from p) such that w#p and wd T. Since T'is tight J[T]=T
and hence weH[TIN\T. Let r=J(w). Then rcl(p,J”) and weE()\T, whick,
by Lemma 5(a), contradicts the tightness of T. Assume now that (i) holds. Then
p¢S and u€E[l(p, H)], contradicting the tightness of S, by Lemma 5(a).
To complete the proof of the lemma it suffices to show that E{z) C R. Suppose
that y€E(z)\R for some y€V. Let L be the graph (V, FUH). The vertex z is
the starting point of a path @ in L. Since T is tight it follows that Q
is finite, and hence it has a last vertex ¢g. By Lemma 5(a), g€7, and since the degree
of gin Dis | we have g€ T\ S. Clearly, then, z€/(y, /), and since S is tight, Lem-
ma 5(a) yields that y€S. Since y¢ R, it follows that H(y)€¢T. The vertex y is the
starting point of a path Q” in L. By Lemma 5(b) Q' is finite, so it has a last vertex
q’. Since T is tight it follows from Lemma 3(a) that ¢’€¢ 7\ S. But this clearly im-
plies that g’€ E[l(¢q, H)], which, by Lemma 5, contradicts the tightness of S. |}

Corollary 8a. [f T and S are tight then either TUS Is tight or TUS contains a
compressed set,

Proof. Let F and H be matchings of 7 and S, respectively. If H[TI\7=¢ then.
by the lemma, TS contains a compressed set. On the other hand, if H[{TIN7T=0
then s(HI(V\T))CV\T=V\s(F), and hence FU(Hi(V\T)) is a mathc-
ing of TUS, so T'US is matchable. If [ is a matching of TUS then s(J)
=s(I(TUS))=s(NTYUs(1S)=TUS, and hence TUS is tight. |

Lemma 9. If S is a tight subset of V and G — S is unobstructed then G is unobstructed.

Proof. Let F be a matching of S. Suppose that G contains a compressed set C
=¢(z, T). Let H be a matching of T and let L be the graph (V, FUH). Let /
=H\H!S.

Consider first the case z€S. The vertex z is the starting point of a path P
which is a connected component in L. Since T is tight P is finite and hence ends at
some vertex x€ 7T\ S. We whall reach a contradiction by showing that m(x, 1) is
compressed in G—S8. Suppose that this is not the case. By Lemma 6 there exists
then an /J-alternating path Q which either (a) terminates at a vertex u€ V\S\s(J)
or (b) is infinite. If (b) occurs then P* Q contradicts the assumption that T is tight.
If (a) occurs, then, since T'is tight, «€T and hence u€ H[ST\S. Let R be the path
starting at « which is a connected component of L. Since § is tight R is finite and
thus ends at some vertex v€ ¥\ 7. Since u¢ VR(P) and both P and R are connected
components in L it follows that VR(P)NVR(R)=0. The path P*Q* R contra-
dicts then, by Lemma 5(a), the tightness of T.

Assume now that z¢ S. We show that m(z, I) is compressed in G—S§. If
not then there exists an /-alternating path Q starting at z which is either infinite or
ends at a vertex v€V\X\s(J). Since T is tight v€ H[ST\S. Let R be the path
starting at v which is a connected component in L. Then, like in the case z€S, the
path Q%R contradicts the tightness of 7. |
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Some basic properties of compressed sets and unobstructed graphs

Lemma 10. If G is loose and unobstructed and acV then G—{a, x} is unobstructed
for some x€E(a).

Proof. We have E{a)»0, for otherwise the set {a}=c(a, 0) is compressed. Let
{x,: «<7} be an enumeration of E{a), where A=|E(a)|. If the lemma is false, then
for every a2 there exists a subset C, of ¥\ {a} which is compressed in G —{a, x,}.
Denote G'=G—{a}, and for each a<Ai let C,=C,U{x,}. We show that C; is
tight in G’ for each a—=2. If this is false then, by Lemma 7, G’ contains a compressed
set. By Lemma 7 again this yields that G contains either a compressed sct or a non-
empty tight set, contrary to the lemma’s hypothesis.

For each a=% let T,=U{Cj;: f<a}.

Assertion: T, is tight in G’ for every a=A.

Proof of the assertion: Clearly To=0 is tight. I f is a limit ordinal and the assertion
has been shown for all a<p then the assertion for a=f follows by Lemma 1.
Assume now that the assertion holds for «=p, and let us show it for a=g+1.
If T,.,is not tight in G’ then, since Tp4+1=T;UC}; and both T and Cp are tight in
G, it follows by Cor. 8a that G’ contains a compressed set. By Lemma 7 this implies
that G contains either a compressed set or a nonempty tight set, contradicting the
hypothesis of the lemma. The assertion is thus proved.

Write: T=T,. By the assertion, 7T is tight in G". Let us show that T is tight
in G as well. If not, then there exists a matching H of T such that s(H)2T. If
ads(H) then H is a matching of T in G’, contrary to the fact that T is tight in G".
Therefore acs(H). which means that H(a)=x, for some <A Then H\H!{x.}
is a matching of T\ {x,} in G—{a, x,}. But C,cT\{x,}, and by Lemma 4 it is
unmatchable in G {a, x,}, a contradiction. Thus T is tight in G, and since E(ayc T
it follows that T'U{a} is compressed, contrary to the assumption that G is unob-
structed. R

We next show that the condition in Lemma 10 that G is loose is redundant:

Theorem 1. [f G is unobstructed and ac€V then G —{a, x} is unobstructed for some
x€ E(a).

Proof. Let 7 be a maximal tight set in G and let /- be a matching of 7. If a€T then
let x=F(a). Denoting G'=G—{a, x}, T’=T\{a, x} is clearly tight in G’, G'—T"’
=G—T is unobstructed by Cor.3a, and hence, using Lemma 9, G’ is unobstructed.
Assume now that ag T. By Cors. 2a and 3a, G—T is loose and unobstructed, and by
Lemma 10 it follows then that G—T— {a, x} is unobstructed for some x¢€E(a)\T.
Denoting G'=G {4, x}, G'—T=G—T—{a, x} is unobstructed and T is tight in
G’, and hence, by Lemma 9, G’ is unobstructed. {i

Theorem | is an important tool in studying unobstructed graphs. As a first
application of it we derive a strengthening of Steffens’ result.

Theorem 2. If G is unobstructed und G —s(I) is countable for some matching F then
G possesses a perfect matching.

Proof. Denote A=V us(F), and let {a;: i<|A|} be an enumeration of 4. We
construct inductively sequences of distinct vertices ¢, and y,=H(c), so that G
=G~ U{{c;, y;}: i<k}=(%. E) is unobstructed for cach k. Suppose that c;
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and y; have been defined for all j<k. We let ¢, be g, for the first / such that a€¥;,
unless 1) ANV,=6 or 2) kis odd and {F(y;): j<k and y,€s(F)}NV;#0, in
the latter case we choose ¢, to be F(y;) for the first j such that y;€s(F) and F(y;)€
€V,. In any of these cases we use Theorem 1 to choose an element ¥, of Ec.)
such that G,,,=G—{c, ¥} is unobstructed. The construction ends after w steps
or when (AU{F(y): j<k and y;€s(F)})NV=0 at some sicp k. By our
construction H is a matching which satisfies F{s(FN\s(H)Cs(F)N\s(H) and
s(H)Us(F)y=V. Hence HU(Ft(s(F)N\s(H)) is a perfect matching of G. §

The next property which we consider is not unexpected, but seems to be sus-
prisingly difficult to prove (compare with {1, Lemma 11}).

Theorem 3. /f G is obstructed and FCE then L=(V, F) is obstructed.

Proof. Let C=c(z, T) be a compressed set in G, and let M be a matching of T.
Suppose that L is unobstructed. Let vy=z. By Theorem 1 there exists u,€ F(v,)
such that L,=L~{vy, u}=(V. F\) is unobstructed. Since F(vyySE(yST it
follows that w,€T. Let v;=M(u;). By Theorem 1 apain there exists u,€[{ry)
such that L, — {v,, u,} is unobsiructed. Since v,€/(z, M) it follows by Lemma 5(a)
that Fi{v,)S T and thus 1,6 7. Define v,=M(u,). In this way we construct se-
quences (v,) and (1) of distinct vertices such that u,€ E{v,_,)y and v, =M (u,) for
each &=1. This produces an infinite M-alternating path starting at z, contradicting.
by Lemma 5(b), the tightness of 7. |}

From Theorem 3 we can deduce another property which one would naturally
expect, and which is a strengthening of Lemma 9.

Theorem 4. /f SV and both G(S] and G—S are unobstructed then G is unob-
structed.

Proof. Let L be the graph (¥, EX(S X(¥\.S))). By Theorem 3 it suffices to show
that L is unobstructed. Suppose that there exists a compressed set C=c(z, T) in L.
and let F be a matching of T. Without loss of generality we may assume that z€.S.
Let H=FN(SXS). By Cor.6a m(z, F) (taken in L) is compressed in L. Clearly,
m(z, H) taken in G[S] is equal to m(z, F) taken in L, and thus m(z, H) is comp-
ressed in L, which clearly implies that m(z, H) is compressed in G[S). This cont-
radicts the assumption that G[S] is unobstructed. |}
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